Given a nontrivial torsion-free abelian group (A, +, 0), a field F of characteristic 0, and a 
. These subalgebras were studied in detail in our paper [5] .
If cp = 0 and tx # 0, then L is automatically a Lie algebra. In fact it is a special case of so called generalized Witt algebras. In this case L is simple if and only if a is injective. For the properties of generalized Witt algebras (in characteristic 0), we refer the reader to our paper [6] .
In the present paper we study the remaining case where cp # 0 and CI = 0. Again Hence, we assume from now on that CJJ is non-degenerate (i.e., Kv = 0). Since F has characteristic 0, this assumption implies that A is torsion-free. To avoid the trivial case, we assume also that A # 0. The condition Krp # 0 implies that the rank at least 2.
ofA is
The one-dimensional subspace Fe0 is the center of L(A, cp). The subspace
is an ideal of L(A, cp) and we have In Section 2 we show that the Lie algebra _Y(A, cp) is simple. In particular, it follows that _Y(A, cp) is the derived algebra of L(A, cp). We mention that the finite-dimensional version of the simple Lie algebra Y(A, q), but now over a field of prime characteristic, has been introduced long ago by Albert and Frank in their paper [l] . The algebras L(Z", q) in characteristic 0 were studied by Koepp in his Ph.D. thesis [7] . He showed that S(Z", cp) is simple under an additional condition on cp. It follows from our simplicity theorem (Theorem 2.1) that the additional condition used by Koepp is not needed.
Note that 9(A, cp) and &4, cp) are A-graded Lie algebras: the homogeneous component of L(A, cp) of degree x is Fe,. In Section 3 we describe the derivations of Y'(A, q).
In particular, we show that the derivations of degree x # 0 are inner, and that the derivations of degree 0 have the form e, H p(x)eX where p E Hom(A,F).
The main result of that section is that the locally finite derivations of _.!?(A, q), rank(A) < co, are precisely the derivations of degree 0.
In Section 4 we describe all isomorphisms between two simple algebras Y(A, cp) and _$?(B, $) when A and B have finite ranks. As a consequence we obtain a description of the automorphism group of 9(A, q) when A has finite rank.
Finally in Section 5 we compute the second cohomology group H2(2', F) for the simple Lie algebra 9 = Y(A, cp).
More general Lie algebras (in characteristic 0) than the algebras studied in the present paper and [4] can be constructed by analogy with Block algebras in characteristic p described in [3] .
Simplicity of 9(A, q)
As mentioned before, we assume that A is a nonzero torsion-free abelian group and cp : A x A -+ F is a nondegenerate skew-symmetric bi-additive map. If cp(xt, y) = 0, then (2.1) and the minimality of n imply that also &x2, y) = 0, and so (2.2) holds. In particular, by taking y = xi, we conclude that q$xi,x2) = 0.
If &xl, y) # 0, then u # 0 and the minimality of n implies that cp(xi, y) # 0 for all i's. By replacing u with u, we conclude that &xi + y,x2 + y) = 0. Since also q(xi,xz) = 0 and cp is skew-symmetric and bi-additive, we conclude that (2.2) holds. Since q is nondegenerate and (2.2) holds for all y E A, we conclude that xi = x2, a contradiction. Hence n = 1, i.e., e,, E I.
We claim that eY E I for all y # 0. If &,x1) # 0, then y -xi # 0 and the claim follows from
[ey-x,, ex, 1 = CP(.J~ XI )e, E 1.
Assume now that (p(y,xt ) = 0, y # 0,x*. Choose z E A such that cp(z,xt ) # 0 and cp(y,z) # 0. Since q(z,xt) # 0, we infer that e, E 1. As y # z and [e,_=,e,] = cp(y,z)eY E I, we conclude again that eY E I. Thus our claim is proved.
So, we have I = 9, and 3' is simple. 0
In the case A = Z", n > 2, the above theorem was proved by Koepp in his thesis [7] , under the additional hypothesis:
(H) Ifxi , . . . ,xk E A are independent and 1 5 k < n, then there exists y E A such that xi,... ,Xk, y are also independent and cp(xi, y) # 0 for some i E { 1,. . . ,k}.
Since cp is assumed to be nondegenerate, the hypothesis (H) is automatically satisfied.
Indeed, let xi,. . . , xk E A be independent and 1 5 k < n. Assume that Cp(Xi, y) = 0 for all i = 1 , . . . , k whenever y is chosen so that xi,. . . , xk, y are independent. Now assume that x1 , . . . ,xk, y are dependent and choose z E A, such that xi,. . . ,xk,z are independent. Then q(xi,z) = 0 and &Xi, y + Z) = 0 for all i. We conclude that &Xi,y) = 0 for all i = 1 , . . . , k and all y E A. This means that xl,. . . ,xk E I&, which contradicts the nondegeneracy of q. We conclude this section with an example of a simple Lie algebra LT(Z3, cp). We now choose y,z E A such that &x, y), cp(x,z), and cp(x, y + z) are all nonzero. By replacing y with ky and z with kz in (3.6), we obtain that k3q(y,z).
[cy+r -cy -~1 = k2Mx,zk, -cp(x, r>czl holds for all integers k. We deduce that
holds. We claim that (3.9) remains valid when we remove the restriction cp(x, y+ z) # 0. Thus assume that cp(x, y + z) = 0. We can choose u E A such that the numbers q(x, u), cp(x, y + u), and cp(x,z f U) are nonzero. Consequently, we have Hence, p(x) + p(-x) = 0, i.e., (3.10) holds also when x + y = 0.
Finally, let x, y, x+y # 0 and cp(x, y) = 0. We choose z EA such that cp(x,z), cp(y,z), and &x + y,z) are all nonzero. It follows that also cp(x +z, y -2) # 0. Hence, we can apply (3.10) to each of the pairs (x + z, y -z), (x,z), and (y, -z). So, we obtain that P(X + Y) = P(X + z) + P(Y -z) = P(X) + P(Y) + P(Z) + P(--z).
Since p(z) + p(-z) = 0, (3.10) is proved. q
Let q : A -+ Hom(A,F)
be the map such that y(x)(y) = cp(x, y) for all x, y E A.
Since cp is non-degenerate, the homomorphism q is injective. We denote by (q(A)) the It follows that for all y E A. As 9 is non-degenerate, we conclude that x = 0. We do not know whether or not the restriction on the rank of A can be removed from the above proposition.
Corollary 3.5. A simple Lie algebra _%'(A, q) (with no restriction on the rank of A) is not isomorphic to any generalized Block algebra or simple generalized Witt algebra.
Proof. It Consequently, (4.5) also holds for y = -x. Obviously, (4.5) holds if x = 0 or y = 0. Assume now that x # 0,y # 0, while &x, y) = 0. We choose z E A such that the numbers cp(x,z), ~(y, z), and cp(n + y, z) are all nonzero. Then we can apply (4.5) to each of the pairs (x -z, y + z), (x, -z), and (y,z). So, we obtain that a(x + y) = a(x -z) + o(y + 2) = (T(x) -t (i( -z> + o(y) + u(z)* As a(z) + a(-~) = 0, we infer that (4.5) holds also for the pair (x, y).
Hence we have shown that D : A -+ B is a homomorphism, and consequently an isomorphism.
Eq. (4.4) now implies that
holds for all X, y E A. We claim that the ratio
is independent of x and y. Of course, we have to assume that cp(x, y) # 0, and so, by (4.6), also ti(c(x), D(Y)) # 0.
By replacing x with 2x in (4.6) we obtain that By replacing y with x + y in (4.6), we obtain that c2x+y&,
The above two equations imply that 1= c&c, -'. Since the expression (4.7) is symmetric in n and y, we also have II = CZ,,C;~. Hence, we have shown that -2 c2xc, -2 = czycy (4.8) if cp(x, y) # 0. The restriction cp(x, y) # 0 can easily be removed, i.e., (4.8) holds for all nonzero x and y. In particular, our claim is proved.
If a = il-', then (4.6) shows that a . c,,, = cxcy (4.9)
holds whenever &x, y) # 0.
Suppose that x, y,x + y # 0 while cp(x, y) = 0. Choose z EA such that the numbers cp(x,z), cp(y,z), and cp(x -y,z) are all nonzero. We can apply (4.9) to each of the pairs (x + z, -z), (x,z), (y, -z), and (x + z,x -z). Hence, we have simple Lie algebra 9(Z*, cp). Assume now that cp = cpi, i.e., cp(ei,ez) = 1. We claim that d(9) = GLz(Z) holds in this case. A simple computation shows that if
then a'Ja = det(o)J, where 0' is the transpose of c. Hence, (4.10) holds with a,, = det(a) = f 1, This proves our claim. Consequently, Aut(9) N X(Z2) M GLz(Z).
Computation of H2(Y, F)
In this section we compute the second cohomology group H2(9,F) of the simple Lie algebra 9 = 9(A, q). Let $ : 6p x 9 -+ F be an arbitrary 2-cocycle, i.e., a skew-symmetric bilinear form satisfying the identity 
